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^^ Abstract: 

^^' A subtheory of a quantum field theory specifies von Neumann subalgebras A.{0) (the 'observ- 

r~| , ables' in the space-time region O) of the von Neumann algebras B{0) (the 'fields' localized in O). 

Every local algebra being a (type IIIi) factor, the inclusion A.{0) C B{0) is a subfactor. The 

l^ I assignment of these local subfactors to the space-time regions is called a 'net of subfactors'. The 

;_^ ■ theory of subfactors is applied to such nets. In order to characterize the 'relative position' of the 



subtheory, and in particular to control the restriction and induction of superselection sectors, the 
canonical endomorphism is studied. The crucial observation is this: the canonical endomorphism of 
a local subfactor extends to an endomorphism of the field net, which in turn restricts to a localized 
endomorphism of the observable net. The method allows to characterize, and reconstruct, local 
extensions B oi a given theory A. in terms of the observables. Various non-trivial examples are 
given. Several results go beyond the quantum field theoretical application. 



1. Introduction 

A quantum field theory in the Haag-Kastler approach [1] is given by a net of von Neumann 
algebras. The net encodes the local structure of the observables of the theory, i.e., the 
notion of localization going along with every experimental operation. In this paper, we are 
mainly interested in a pair of such theories of which one extends the other in a local way, 
i.e., for every space-time region one has the inclusion of the corresponding local algebras. 



The prototype is given by the fixpoints under a global inner symmetry group [2], but our 
analysis is focussed on the case when there is no gauge group. 

The case when there is a compact gauge group is the familiar situation in four-dimensional 
quantum field theory. In [2a] , Doplicher and Roberts have established, by means of a har- 
monic analysis for operator algebras, the existence in the field algebra of isometric 'charged 
intertwiners' for every superselection sector of the observables contained in the vacuum 
representation of the fields. These intertwiners implement the corresponding DHR endo- 
morphisms [3], and transform as irreducible tensors in the corresponding representation of 
the gauge group. By abstracting their specific properties within the field net, the same au- 
thors [26] succeeded, by a new duality theory for compact groups, to reconstruct the gauge 
group along with the field net provided the superselection structure of the observables is 
given. 

In the present article, we shall address the analogous questions when there is no gauge 
group, the typical situation in less than three space-time dimensions. Instead, we only 
need an appropriate conditional expectation which replaces the Haar average over the gauge 
group. We can again establish charged intertwiners which, however, do not implement the 
sectors nor obey any generalized linear transformation law. Yet, they admit a fuU-fiedged 
harmonic analysis in the field algebra. Furthermore, we shall characterize those superse- 
lection sectors of the observables which are generated by a field algebra and show how 
to reconstruct the latter in terms of observable data only (provided the index is finite). 
Comparing with other approaches to generalized symmetries, we emphasize that our theory 
neither assumes nor predicts that the inclusion is given by a Hopf algebra. 

In order to control the 'game of restriction and induction' between representations (super- 
selection sectors [3]) of the two theories at hand, we apply and generalize the theory of inclu- 
sions of von Neumann algebras, and of subfactors in particular, to isotonous and standard 
nets of inclusions resp. subfactors (for the precise definitions, see Sect. 3). In doing so, we 
assume the existence of a conditional expectation onto the subtheory which respects the 
local structure and preserves the vacuum state. This assumption is physically motivated by 
the observations that (a) the Haar average over a compact gauge group which commutes 
with the space-time symmetry provides a conditional expectation on the gauge invariants 
with the claimed properties, and that (6) Takesaki's results on conditional expectations [4] 
imply the existence of a conditional expectation which commutes with Poincare symmetries, 
provided the modular conjugations w.r.t. wedge algebras of the larger theory in the vacuum 
state generate the Poincare group [5] and preserve the subtheory. The latter properties can 
be verified in interesting models [6]. 

Abstracting from quantum field theoretical nets, we consider nets of subfactors in a 
more general setting in Sect. 3. The basic result is that the existence of a 'standard' con- 
ditional expectation which respects the net structure and preserves a distinguished cyclic 
and separating vector state u) — (O, -O), guarantees the existence of simultaneous canonical 



endomorphisms for all subfactors in the net which extend a given subfactor in the net (Thm. 
3.2.). For a directed net, this simultaneous canonical endomorphism extends to the C* al- 
gebra generated by the net, where it trivializes on a large subalgebra. The latter property 
amounts to a localization property in the quantum field theoretical context, which is respon- 
sible for the fact that the abstract restriction takes localized representations into localized 
representations (Cor. 3.8.). Conversely, however, the induction in general takes localized 
representations only into half-localized ones due to the possibility of braid statistics (Prop. 
3.9.). 

The index of the local subfactors in a net equipped with a conditional expectation as 
described before, is constant over the net and may be considered as the index of the net 
of subfactors. We treat the case of finite index in Sect. 4. For finite index, one can set up 
a 'harmonic analysis' in terms of intertwiners for the non-trivial sectors of the smaller net, 
which are 'charged fields' in the quantum field theoretical setting, and which are irreducible 
tensor multiplets in the case of a finite group symmetry. Even if the larger net is local and 
hence the charged fields commute at space-like distance, the corresponding superselection 
sectors may, and will in low dimensions, have braid statistics [7]. Locality only implies (and 
actually is equivalent to) a specific eigenvalue equation (Cor. 4.4.) for the statistics operator. 

We formulate a characterization for (local) field extensions of finite index of a given 
theory of observables (Thm. 4.8.). This characterization is sufficiently explicit in terms of a 
pair of intertwiners between reducible DHR sectors of the observables, to be exploited for 
a classification program. We present a family of examples for the construction of local field 
extensions, which is of relevance for two-dimensional conformal quantum field theories. 

The structure of subfactors of infinite index is much less controllable, much like infi- 
nite groups as compared with finite groups. We discuss in Sect. 5 a possible compactness 
criterium for nets of subfactors in order to 'stabilize' the structure, and formulate the expec- 
tation that this criterium be related to the split property [8] in quantum field theory. (The 
latter is known to ensure compactness of a group of gauge automorphisms.) This section, 
however, contains more speculations than results. 



2. Review of infinite subfactors 

In this section, we recall a number of important concepts and results from the theory 
of inclusions of von Neumann algebras and the index theory for subfactors, with special 
emphasis on the properly infinite case (comprising type /// factors pertinent to quantum 
field theory). Although we don't give full proofs, we take care to point out the interrela- 
tions between the various concepts. For further details, we refer to the original literature 
[9, 10, 11, 12, 13, 14, 15, 16, 17, 18] or to a similar expose in [19]. We attempt to introduce a 
consistent notation to be used throughout the paper. The advanced reader may skip most 



of this section which, apart from a new formula for the canonical endomorphism, Prop. 2.9., 
contains mainly well-known material. 

A von Neumann algebra is a weakly closed algebra M of operators on a Hilbert space 
7i. Throughout this paper, Ti is assumed to be separable. A von Neumann algebra M is 
a factor if its center is trivial: M' fl M = (Dl. A factor is of type / if it admits a faithful 
trace with values in INq U {00} on the projections of M. It is of type // if it has a trace 
taking continuous values in IR-(- U {00} on the projections. It is of type /// if every non-zero 
projection p G M is the range projection of an isometry in w G M, i.e., w*w = 1 and 
WW* = p. Clearly, this property excludes the existence of a trace. In local quantum field 
theory, the local algebras of observables are (under very general physical assumptions [20]) 
isomorphic to the unique approximately finite-dimensional type IIIi factor. A factor which 
contains any isometry w with range projection ww* < 1 is called infinite. 

Every von Neumann algebra M has a direct integral decomposition into factors. If every 
factor in this decomposition is infinite, then M is called properly infinite; in other words: 
every central projection p of M strictly dominates another projection q < p such that there 
is a partial isometry w & M with w*w = p and ww* = q. 

An inclusion of von Neumann algebras is a pair N d M with common unit 1. It is called 
a subfactor if both M and A^ are factors, and it is called properly infinite (or infinite or type 
///) if both M and A^ are properly infinite von Neumann algebras (or infinite or type /// 
factors). A subfactor is irreducible if the relative commutant consists only of the scalars, i.e., 
N' n M = (Dl. If p is a non-trivial projection in the relative commutant, then the subfactor 
Np = Np C Mp = pMp is called the reduced subfactor. 

2.1. Conditional expectations. [9, 10, 11, 12] A. Let A C M be a pair of von Neumann 
algebras with common unit. A conditional expectation e: M ^ N of M onto A is a com- 
pletely positive normalized (i.e., unit preserving) map with the bimodule property 

e{n*mn) = n*e{m)n {n E N,m E M). 

A conditional expectation is called normal if it is weakly continuous. The set of faithful 
normal conditional expectations e: M ^ N is denoted by C{M,N). An arbitrary pair 
N G M may not possess any conditional expectation at all, i.e., the set C{M,N) may be 
empty. If there is any normal conditional expectation for an irreducible inclusion, then it is 
unique, and it is faithful. 

B. Examples: An example of prominent interest is the following. Let a compact group 
G act faithfully on M ('gauge symmetry') and let N = M'^ be the fixpoints of this action 
('gauge invariants'). A conditional expectation is given by the Haar average over the action 
of the symmetry group. Dual to this example is the case M = AxiG, the crossed product 
by the action of a discrete group G on N. Here, a conditional expectation is induced by 
the 5-function on G. Clearly, this construction becomes singular for continuous groups. In 



that case, C{M, N) turns out to be empty. Provided G is locally compact, one obtains only 
an operator valued weight rj-.M-^N, i.e., an unbounded (and unnormalized) positive map 
with dense domain in M_|_ satisfying the same bimodule property as conditional expectations 
above [10]. 

C. In general, the set of faithful normal operator valued weights rj-.M ^ N is called 
P(M, A^). Also P(M, A^) may be empty. Clearly, C{M, N) C P(M, A^). 

Associated with A^ C M is the inclusion of the commutants M' C A^'. Based on 
Haagerup's work [10], Connes [11] established a canonical bijection between P{M,N) and 
P{N',M') denoted by ?] i-^ ?7~^, such that (?7~^)~^ = tj and {rjiorj2)~^ = '>]2^°Vi^ fo^ 
the composition of two operator valued weights. This bijection will not, in general, relate 
C{M, N) with C{N' , M'). In fact, the latter may be empty while the former is not, or vice 
versa. 

If 11 is in the domain of e~^, then e~^{l) lies in the center of M due to the bimodule 
property. Therefore it is a scalar whenever M is a factor. Declaring e~^{l) = oo when 1 is 
not in the domain of £~^, Kosaki [12] defines the index of e to be the number 

Ind{e) :=e~^{t) E [l,oo]. 

If the index is a finite number A < oo, then one can normalize e~^ to obtain a conditional 
expectation between the commutants 

e' :=X-^ -e-^ eC{N\M'). (2.1) 

If both M and A^ are factors and Ind{e) < oo, then e'~^ = X{e~^)~^ = Xe, and therefore 
Ind{e') = Ind{e). 

Both our above examples yield Ind{e) = \G\ (provided the action of the symmetry group 
is outer). 

2.2. The Jones extension. [13] A. Let A^ C M be an inclusion of von Neumann algebras. 
Choose a unit cyclic vector Q E 7i such that the state u = (O, -O) on M is faithful and 
invariant under a faithful conditional expectation e G C{M, N). Such vectors are obtained 
by the GNS construction from a state uj = ipoe where ip is any faithful normal state on A^. 
The projection cn = [NQ] on the subspace of 7i generated from O by A^ lies in A^'. The 
von Neumann algebra 

Mi:=(M,e^) (2.2) 

is called the Jones extension of M by A^ (w.r.t. ^poe), and e^ the corresponding Jones 
projection. As e and </? vary, e^ and Mi change only by unitary conjugation. 

B. In terms of the projection cn, the map m i— > e{m) can be recovered as the unique 
element of A^ such that 

CNmeN = e{m)eN- (2-3) 



Eq. (2.3) is referred to as 'cat implements e\ Obviously, cat € N' flMi. It is also the Jones 
projection for the inclusion M[ C M', and A^' = (M', e^) is the Jones extension of M' by 
its subalgebra M[. One has A^ = {cat}' fl M. 

2.3. The Pimsner-Popa bound. [14] Let A^ C M be infinite- dimensional factors. Let 
e G C{M, N) be a faithful normal conditional expectation. In the case of arbitrary index 
Ind{e) G [l,oo], the associated operator valued weight e~^ G P{N' ^M') is characterized by 
the bimodule property (for M' C A^') and the 'initial value' on the Jones projection [12] 

e-\eN) = t. (2.4) 

This implies Ind{e) > 1 because e~^ is positive, and Ind{e) = 1 iS M = N because e~^ is 
faithful. Note that McnM is dense in Mi and M'cnM' is dense in A^'. 

Applying this formula for e' G C{N' , M') and r] = e'~^ G P{M, N) to the corresponding 
implementing Jones projection e = cm' ^ M for the subfactor M' C A^', one gets the 
estimate r]{n*en) = n*rj{e)n = n*n > n*en for n E N , from which one infers the operator 
lower bound [14] for a conditional expectation of finite index: 

£(m+) > Ind{e)~^m+ (m+ G M+). (2.5) 

(Due to eq. (2.18) below, every element of M_(_ is of the form n*en.) This bound is saturated 
by the Jones projection e E M for M' C A^': 

e{e) = Ind{e)-H. (2.6) 

Indeed, the best lower bound (2.5) for a given conditional expectation was first introduced 
by Pimsner and Popa [14] to define the index. 

2.4. The minimal index. [15, 16a, 17] A. Let again A^ C M be infinite-dimensional factors. 
When there is any conditional expectation e G C{M, N) with finite index, then there is a 
unique conditional expectation, called the minimal conditional expectation Eq G C{M,N), 
which minimizes the index: 

Ind{eo) = mflnd{e) =: [M : N]. 

s 

[M : N] is called the index of A^ in M. If Sq is minimal in C{M, N) then e'q is minimal 
in C{N' , M'). For tensor products N ® K C M ® L oi subfactors as well as intermediate 
subfactors N G M G L, both the minimal conditional expectations and the minimal index 
are multiplicative in the obvious sense. For a reducible subfactor with ^ p = 1 a partition of 
unity by projections in the relative commutant N'CiM, the minimal conditional expectations 
Ep G C{Mp, Np) for the reduced subfactors Np = Np G Mp = pMp are given by 

Spimp) = A"^ • eo{mp)p {nip G Mp) 



where Xp = eo{p) = {[Mp : Np]/[M : A^])^/^, and the square root of the index is additive: 

[M:N]^ =Y,[Mp:Np]-^. (2.7) 

p 

For irreducible sub factors of type //i, the minimal index coincides with the Jones index, 
but not for reducible ones since in general the trace preserving conditional expectation is 
different from the minimal conditional expectation. 

B. The uniqueness of the minimal conditional expectation eg implies that EQoAdu = £o 
for every unitary u E N' H M. Therefore, Eq has the tracial property £0(3^"^) = £o("^^) for 
m E M and x E N' (1 M, and it yields a trace state on the commutant A^' fl M. 

2.5. The canonical endomorphism. [16] A. We turn now to the properly infinite case. 
Let A^ C M be an inclusion of properly infinite von Neumann algebras on the separable 
Hilbert space Ti. Then there exist vectors $ G 7i which are cyclic and separating for both 
M and A^. Choosing any such vector, let Jn = Adj^ and Jm = -^dj^ be the modular 
conjugations w.r.t. $ and the respective algebra [4]. Then 

-i = JNJM\MeEnd{M) (2.8) 

maps M into a subalgebra of A^. We call 7 the canonical endomorphism associated with the 
sub factor, and denote by 

Ni:=JNJM{M)(lN, (2.9a) 

M(1Mi:=Jm3n{N). (2.96) 

the 'canonical extension resp. restriction'. $ is again joint cyclic and separating for the 
new inclusions (2.9a) and (2.96), giving rise to new canonical endomorphisms q = JniJn ^ 
End{N) and 71 = JmJMi G End{Mi). Since the modular conjugations w.r.t. an algebra 
and w.r.t. its commutant coincide, one infers that Jn^Jn = JnJm = JmJmi and 

^ = 7|Ar and 7 = 7^1^. 

The inclusions (2.9) are isomorphic since A^ = 71 (Mi) and A'^i = 7(M) = 71 (M). We 
call them 'dual' to the inclusion M G N, and call g = 'jIn resp. 71 the dual canonical 
endomorphisms . 

B. The canonical extension and restriction are inverse to each other. 

The dual inclusion A^i C A^ is anti-isomorphic to the inclusion of the commutants, M' C 
A^', since A^i = jn{M') and A^ = jn{N'). Similarly, M[ C M' is the anti-isomorphic image 
of A^ C M under jm, and has the same Jones projection cn G A^' HMi, since Jm{^n) = cjv- 
If M is a factor and N G M has finite index, one defines the dual conditional expectations 

ei = JMos'oJM e C{Mi, M) and 5 = Jnos'oJn G C{N, Ni). 



If both M and iV, and hence also M', A^' and Mi are factors, we conclude from 2.1.C 

Ind{e') = Ind{ei) = Ind{e). (2.10) 

The canonical endomorphism for M' C A^' is given by 7' = jMjAr|7V' G End{N'). 

C. Example: In a quantum field theory of a Lorentz covariant local Wightman field, let 
M = A{W) be the algebra of observables associated with a wedge region W = {x G IR : 
x^ > |x'^|}, and A^ = A{Wa) the subalgebra associated with the wedge Wa = {x+a : x E W} 
shifted by a vector a in the positive x^-direction. The vacuum vector is cyclic and separating 
for both A^ and M. Since the modular conjugation for wedge regions is (essentially) a 
refiection along the rim of the wedge [5], one finds that the canonical endomorphism is just 
the translation by 2a, and A''! = A{W2a) and Mi = A{W-a)- This example is a self-dual 
subf actor. 

D. The canonical endomorphism 7 is unique up to inner conjugation with a unitary in 
N (depending on the choice of the joint cyclic and separating vector $). The canonical 
extension coincides with the Jones extension w.r.t. (foe = ($,£(■)$) 

Mi=JM{N') = {M,eN) (2.11) 

provided the latter is defined, i.e., provided there is a faithful conditional expectation e G 
C{MjN). (See Sect. 2.6. how to recover the latter from 7.) In this case, let cn be the 
Jones projection w.r.t. the invariant state (foe where </? = ($, ■$) (cf. Sect. 2. 2. A). Define the 
isometry v' G A^' by n$ 1-^ nQ where O G catTY is the vector representative of the invariant 
state uj = (foe on M. By construction, Jmv' = v'Jn, and v'v'* = cn- Consequently 
vi := 3m{v') is an isometry in Mi with the same final projection vivl = jM(eAr) = cat, and 
JnJm = v'*vi. This yields another formula for the canonical endomorphism 

7(m) = Adjj^j^{m) = v'*vimvlv' (m G M). (2.12) 

2.6. Conditional expectations (resumed). [166] In the properly infinite case, condi- 
tional expectations and canonical endomorphisms can be described in terms of appropriate 
intertwiners. Let A?^ C M be an infinite subfactor with a faithful normal conditional expec- 
tation e G C{M, N). Let cat G A^' fl Mi be the corresponding Jones projection. Let v' G A^' 
and vi = JmW) G Mi be isometries as in Sect. 2.5.D. Then, Jm'^i = viJmi implies that 
Vi'.id -^ 7i and w = 'ji{vi): id -^ g are isometric intertwiners in Mi resp. in A^ for the dual 
canonical endomorphisms 71 G End{Mi) resp. g = ■jIn G End{N). In particular, g con- 
tains the identity id as a subsector; namely, the projection p — ww* reduces the subfactor 
^(A^) C A^ to the trivial subfactor g{N)p = pNp. The isometry w induces the conditional 
expectation by the formula 

e{m) = eyj{m) = w*'y{m)w. (2-13) 



Every map of the form e^ with w & N an isometric intertwiner w: id ^ g is a, normal condi- 
tional expectation (possibly non-faithful if the subfactor is reducible), and every conditional 
expectation e G C{M, N) is of the form £^^,. 

2.7. Infinite subfactors of finite index. [166, 18] A. A normal conditional expectation 
e G C{M, N) has finite index Ind{e) = A if and only if in addition to the isometric intertwiner 
w.id ^> g in N which w induces £, i.e., e = Sw SiS in (2.13), there is a 'dual' isometric 
intertwiner v. id ^ 'j in M such that 

w*v = X-^/^l = w*'y{v). (2.14) 

The isometry v induces the dual conditional expectation (cf. 2.5.B) 

ei{mi) = v*'yi{mi)v (mi G Mi). (2.15) 

The range projection ww* saturates the Pimsner-Popa bound for the dual conditional ex- 
pectation 6 = 706107^^, and vv* saturates the Pimsner-Popa bound for e, as follows by 
direct computation using (2.14). The two isometrics determine each other uniquely by 

X-^/^w = e{v) and X'^^^v = ei{vi) = -f-\6{w)). (2.16) 

Equivalently to (2.15), t^i = 7(f) G A'l induces the dual conditional expectation d{n) ~ 
w\g{n)wi and w' = Jm{v) G M' induces e'{n') = w'*Y{n')w' . 

B. In terms of this pair of isometrics, many of the previous more general results turn 
into explicit algebraic relations. First, we have already seen that the projections vv* and 
WW* saturate the Pimsner-Popa bounds for e and 6. 

Next, the range projection e = vv* G M is the Jones projection for A^i C A^. Namely, 
any unit vector of the form \1/ = 1;$ G eTi is cyclic for A^ provided $ is cyclic for M. It gives 
rise to a state -0 = (\1/, ■\1/) on A^ which is invariant under 6 = 'y{v*)g{-)'j{v), i.e., t/jod = V', 
since v intertwines v.id -^ 7. Thus, e = vv* coincides with the projection [A^i\I/] G N[ on 
the subspace generated from the vector \1/ by A'l. Similarly, cn = 7]~ (ww*) recovers the 
Jones projection for A^ C M. 

Furthermore, one can compute the identity 

m = Xe{mv*)v = Xv*e{vm) (m G M), (2.17) 

which uniquely represents every m G M in the form nv with n E N. Hence, we have the 
pointwise equality 

M = Nv. (2.18) 

This yields another formula for the canonical endomorphism in terms of the conditional 
expectation, namely 

-f{m) = Xe{vmv*) (meM). (2.19) 

9 



C. The subfactor N G M is completely characterized by the triple {'j,v,w). Here 
7 G End{M), and the isometries v.id —^ 'j and w:7 ^ 7^ are considered as intertwiners in 
M which satisfy (2.14) and in addition 

WW* = '-y{w*)w and ww = '-y{w)w. (2.20) 

Namely, A^ is recovered as the image of the map 6^ (cf. (2.13)) which turns out to be a 
conditional expectation in C{M, N). 

2.8. Subfactors given by endomorphisms. [16, 21] A. Let M be an infinite factor and 
a G End{M) be a unit-preserving injective endomorphism. Consider the subfactor 

N = (r{M) {aeEnd{M)). (2.21) 

Whenever M and N are isomorphic, then A^ can be represented as A^ = a{M) where a is 
composed by an isomorphism with the injection map A^ "-^ M. 

The inner equivalence class a ~ a' if a' = Aduoa with u a unitary in M is called a sector. 
If a is irreducible, a{M)' (IM = (D, then an irreducible endomorphism a G End{M) is called 
conjugate to a if both aa and aa contain the identity as a subsector, i.e., there are isometric 
intertwiners r: id -^ a a and f: id -^ aa in M. These intertwiners are unique up to a phase. 
In particular, the index of a{M) C M is finite (eq. (2.24) below). 

If a is reducible, then a is a conjugate if r and f exist such that in addition 

a{r*)f = d-H = a{f*)r (2.22) 

holds. The conjugate is unique up to inner equivalence and depends only on the sector of 
a. Clearly, a is conjugate to a iff a is conjugate to a. 

Given the pair of isometries (2.22), the map 

(j){m) = r*a{m)r (2.23) 

is completely positive and normal. It satisfies 

(I){a{mi)ma{m2)) = mi(j){m)m2 {m.rrii G M) 

and in particular (j)oa = id. Such maps are called left-inverses of a. The map £<^ := aocp: M -^ 
a{M) is a conditional expectation in C{M, a{M)). It satisfies the Pimsner-Popa bound with 
X — d^ which is saturated by the projection ff*, by (2.22). Thus, the index is 

Ind{e(j)) — d^ . 
10 



Varying the pair r and f, one can minimize the scalar d. The corresponding left-inverse is 
called the (unique) standard left-inverse, [3, 21] and the corresponding conditional expecta- 
tion coincides with the minimal conditional expectation. The minimal value of d is called 
the 'dimension' d{a) = d^ of a. Hence 

[M : a(M)] = d{af. (2.24) 

B. If o" and r are endomorphisms of M, then an intertwiner x: cr ^ r is an operator 
X E M satisfying 

xa{m) = T{m)x {m G M). 

If (J is irreducible, i.e., a{My fl M = (D, then x is automatically a multiple of an isometry. 

Since M is infinite, it possesses orthonormal isometries Wi G M {i = l,...n) with 
complementary range projections, i.e., "^iWiW* = 1. Let ai be endomorphisms of M. An 
endomorphism a ~ 00"^ is constructed by putting a{m) := 'Yl,i'^i'^iij^)'^i which depends 
only up to inner equivalence on the choice of the system of isometries. By construction, Wi 
are intertwiners Wi-.ai -^ a. Conversely, every partition of unity YliiPi = ^ by projections 
in a{My fl M gives rise to a decomposition a ~ cr^ by choosing isometries Wi E M with 
range projections pi and defining ai{m) := w*a{m)wi. Again, Wi-.ai -^ a are intertwiners 
by construction. The reduced subfactor a{M)p^ C Mp- is equivalent to o'i{M) C M. 

It follows from (2.7) that the dimension d{a) is additive for direct sums. It is also 
multiplicative for composition of endomorphisms and invariant under conjugation. The 
multiplicativity of minimal conditional expectations is equivalent to the multiplicativity 
(p^^ = (pT-o(p^ for standard left-inverses, and the trace property of minimal conditional ex- 
pectations implies that intertwiners between endomorphisms x:a ^ t also intertwine the 
corresponding standard left-inverses according to 

d^(/)^{xm) = dT-4>Tijnx) (m G M). (2.25) 

For general subfactors, one has [M : 7(M)] = [M : A^]^ = [A^ : g{N)], and therefore 

[M :N] = rf(7) = d{g). (2.26) 

C. For infinite index, there is a more general notion of conjugate endomorphisms. 
Namely, an endomorphism of M is equivalent to an M-bimodule, or to a 'correspondence' 
[22, 23]. Then the notion of a conjugate correspendence gives rise to a conjugate endomor- 
phism a (unique up to inner conjugation). It is found that every endomorphism conjugate 
to a is of the form [166] 

a = a~^'y 

which is well defined since 7(M) = Ni G N = a{M). Conversely, every canonical endomor- 
phism is of the form 

7 = aa (2.27) 
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provided TV is isomorphic to M, i.e., N = a{M) for some injective endomorphism a of M 
(this is always the case after tensoring both M and A^ with the same appropriate auxihary 
factor), a in (2.27) is a conjugate of cr. For finite index, both notions of conjugates coincide. 
The identifications are given by 7 = ao", g = ao{aa)oa~^ G End{N), w = cr(r), v = f, 

Note that the existence of an isometry r = a~^{w):id -^ aa is guaranteed also for infinite 
index by Sect. 2.6, provided there is a conditional expectation e G C{M, a{M)). Then (2.23) 
still defines a left-inverse, and £^ = Sw The dual isometry f will only exist for finite index. 

2.9. Another formula for the canonical endomorphism. We have encountered in this 
section various formulae for the canonical endomorphism, eqs. (2.8), (2.12), (2.19), (2.27), 
useful in different situations. We want to conclude the section with another formula for the 
canonical endomorphism of an inclusion of properly infinite von Neumann algebras, which 
we shall use in the following section. 

Proposition: Let N G M be an inclusion of properly inGnite von Neumann algebras, 
e: M ^ N a faithful normal conditional expectation, and e^ G A^' the associated Jones 
projection. The canonical endomorphism 'j: M ^ N is given by 

7 = ^-io$ (2.28) 

where 

$(m) = vim,vl {m G M) 

is the isomorphism of M into Ncn implemented by an isometry vi G Mi = {M,eN) with 
vivl = ejsf, and \1/ is the isomorphism of N with Nejsf given by 

\l/(n) = ncN {n G A^). 

Every canonical endomorphism of M into N arises in this way. 

Proof: Choose Vi as in 2.5.D. Then viMiv^ C cnMiCn = Ne^, therefore $ maps M into 
Ncn, and 7 given by (2.28) is well defined. By (2.12), the canonical endomorphism is given 
by 

7(771) = v'*vimvlv' = v'*^{'m)v' 

where v' = Jm{vi) G N' is an isometry with final projection e^. Thus v' implements the iso- 
morphism \l/~^, proving (2.28). Every other choice of tJi amounts to a perturbation viu with 
a unitary u G Mi, which changes 7 by conjugation with Jm{u*)JnJm{u)- But Jm{u) G N' , 
and Jn3m{u) = 71 (w) exhausts the unitaries of A^, so all canonical endomorphisms are 
obtained by this perturbation. n 
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3. Nets of subfactors 

In the algebraic approach of Haag and Kastler [1] , a local quantum field theory is described 
by a net of von Neumann algebras, i.e., an assignment 

of von Neumann algebras A{0) on a Hilbert space Ti to open bounded subsets O of 
Minkowski space. This assignment is supposed to preserve inclusions, and to be local in 
the sense that algebras associated with space-like separated regions commute with each 
other. Locality is often replaced by the stronger assumption of Haag duality [3]. We shall 
also assume additivity, i.e., the algebra of a union of regions is generated by the algebras of 
these regions. 

One furthermore assumes the existence of a geometric action of the Poincare group by 
automorphisms and a unique cyclic vector state uj = (O, -O) invariant under the Poincare 
group (the vacuum). Consequently, the Poincare group is unitarily implemented on H. The 
spectrum condition postulates that the joint spectrum of the generators of the translations 
lies in the forward light-cone, i.e., the vacuum representation on 7i is a positive-energy 
representation. Then one has the Reeh-Schlieder property [24] that the vacuum vector O is 
cyclic and separating for every local algebra A{0), i.e., both A{0)Q and A{OyQ are dense 
subspaces of H. As a consequence, the defining representation of local observables on H 
may be identified with the GNS representation associated with the state to. 

Next, we consider pairs of local quantum field theories such that one of them (B) extends 
the other (A) in the sense that 

A{0) c B{0) (3.1) 

for every region O. Here, the subspace Hq C H generated by A{0) from the vacuum vector 
will be a true subspace of 7Y, with O cyclic and separating in Hq for every A{0). (In 
particular, this subspace does not depend on O.) The standard example is a theory B of 
local fields on which a compact gauge group G of inner symmetries 7^ acts (faithfully), and 
A is the net of local gauge invariants. If the vacuum state does not break the symmetry, 
i.e., ujo'jg = UJ, then H carries the full spectrum of representations of the gauge group, and 
Ho is the true subspace carrying the trivial representation of G. 

The average over the gauge action with the Haar measure provides a normal conditional 
expectation e for every pair of local von Neumann algebras associated with double cone 
regions. One should however bear in mind that for causally disconnected regions in general, 
e{B{0iU02)) isnot contained in ^(CiUC2) = A{Oi)\/ A{02). E.g., ifi/ji are two operators 
in B{Oi) which are odd under a Z2 symmetry, then 'i/'iV'2 is even but not generated by 
invariants from A{Oi). For this reason, we consider only nets over the set /C of double 
cones. 

Abstracting from this very structureful situation, we make the following definitions. 
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3.1. Definition: A net of von Neumann algebras over a partially ordered index set J is 
an assignment Ai : i \-^ Mi of von Neumann algebras on a Hilbert space to i E J which 
preserves the order relation, i.e., Mi C Mk if i < k (isotony). A net of inclusions (resp. of 
subfactors) consists of two nets N and M. such that for every i E J , 

N.dM, 

is an inclusion of von Neumann algebras (resp. of subfactors). We simply write M d M.. 
The net M. is called standard if there is a vector Q. E Ti which is cyclic and separating 
for every Mi. (This property requires Mi to be properly infinite.) The net of inclusions 
N d M. is called standard if M. is standard (on Ti) and N is standard on a subspace 
Ho C H (with the same cyclic and separating vector O G Hq). For a net of inclusions 
M d M. let e be a consistent assignment i ^^ Si of faithful normal conditional expectations 
in C{Mi, Ni). Consistency means that Si = ek\Mi whenever i < k. Then we call e a faithful 
normal conditional expectation of M. onto N , writings G C{M.,N). e is called standard, if 
it preserves the vector state u = (O, -O). 

On directed nets, the consistency condition formulated in Def. 3.1. is equivalent to the a 
priori stronger property 

Ej = Sk on Mj n Mk 

(since both coincide with Sm when j, k <m) and implies £j{Mj fl Mk) d Nj fl A^fc- 

Note that if A/" C A^ is a net of inclusions of infinite-dimensional von Neumann algebras, 
and e a faithful normal conditional expectation of Ai onto A/" (in the obvious sense, i.e., for 
every i d J separately), then every faithful normal state </? on A/" gives rise to a faithful 
normal state u) — (fos on Ai which is invariant under e. (Here, a state on a net is understood 
as a consistent family of states in the obvious sense). In particular. A/" C A/f is standard 
with (7i, O) the GNS construction from {A4,uj) (cf. 2. 2. A). The Jones projection cn for 
every single inclusion A^^ C Mi of a standard net of inclusions does not depend on i G JT", 
by the very definition of standardness, and will be called the Jones projection of the net of 
inclusions. 

Therefore, the field theoretical situation described in the beginning of this section is a 
standard net of subfactors A d B over the index set /C = {double cones O}, equipped with 
a conditional expectation e G C{B, A) given by the gauge group average which is standard 
provided the vacuum state uj = (O, -O) does not break the symmetry. 

Our main interest in this paper is a pair of quantum field theories as just described, 
where, however, there is no gauge group, but still a standard conditional expectation e G 
C{B, A) consistent with restriction to subregions. The condition of unbroken symmetry in 
the vacuum state is replaced by the invariance property uj = uos. We call this standard net 
of (approximately finite-dimensional type IIIi) subfactors a quantum field theoretical net of 
subfactors. 
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A quantum field theoretical net indexed by the double-cones of Minkowski space is di- 
rected. On the contrary, 'chiral' theories over the conformal light-cone S^ yield non-directed 
nets which require a special treatment [76]. 

We want to note that, at least in the quantum field theoretical context, the invariance 
property (i.e., standardness of e) is not an independent condition. E.g., if the local subfactors 
are irreducible, then by the uniqueness of the conditional expectation, e must commute with 
the Poincare group. Then, if the vacuum state is the unique translation invariant state, it 
is automatically invariant under e, too. 

Let us also point out that the standard conditional expectation of a standard net of 
subfactors, if it exists, is implemented by the Jones projection, cf. Sect. 2.2.B. The attempt 
to define the conditional expectation by (2.3), however, will in the absence of Haag duality 
for the observables yield only a conditional expectation onto the dual net A'^{0) which is 
larger than A{0). The failure of Haag duality explicitly discussed in [25] is precisely of this 
nature. 

Our first result concerns a net over an index set of two elements. It applies to arbitrary 
pairs i < k in larger index sets J', where it is found to act as a 'germ' for the subsequent 
results on directed nets. 

3.2. Theorem: Let M. = {M C M} be a standard net of von Neumann algebras (over an 
index set of two elements) with joint cyclic and separating vector O. Let M = {N C A^} 
he another standard net of von Neumann algebras, such that M d M. is a standard net of 
inclusions with Jones projection 

CN := [NQ] = [NQ]. 

Let e be a standard conditional expectation from M. onto Af, i.e., e G C{M,N) and e ~ 
s\m d C{M, N) preserve the vector state uj = (O, -O) on M resp. M. Then every canonical 
endomorphism 'j of M into N extends to a canonical endomorphism 'j of M into N. The 
extension satisfies 

TU'nTV = ^^- (3-2) 

Proof: For 7 a canonical endomorphism of M into N choose Vi G Mi = (M, cn) as in Prop. 
2.9. Then 7(711) is the unique element of N for which 

■-y{m,)eN = vim,vl {m E M,'^{m) E N). (3.3) 

Since Mi = {M^cn), the same formula for fh E M and 7(m) G N defines a canonical 
endomorphism of M into N . Moreover, x G M' fl N commutes with M and with ejv, hence 
with Ml, and 

7(x)eAr = vixvi = xvivl = xcn {x G M' fl N) 
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implies 7(x) = x. D 

If the index set is directed, i.e., for j,k E J there is to G ^7 with j, k < m, we associate 
with a net Ai of von Neumann algebras the inductive limit C* algebra {[J^^j Mi)~ and 
denote it by the same symbol Ai. The point is that, unlike the individual factors Mj, the 
C* algebra can have a nontrivial representation theory. In quantum field theory, the vacuum 
representation is irreducible, in contrast to 7ro(Mi) having a huge commutant. There is a 
class of representations of particular physical interest, the DHR superselection sectors with 
finite statistics [3] which are given by localized endomorphisms with finite dimension (on the 
local factors) [16]. In the sequel, we are mainly interested in the induction and restriction 
of representations between two such C* algebras. 

3.3. Corollary: Let N d M. be a directed standard net of subfactors (w.r.t. the vector 
O G H) over a directed index set J , and e G C(A^, A/") a standard conditional expectation. 
For every i E J there is an endomorphism 7 of the C* algebra M. into M such that 7|m 
is a canonical endomorphism of Mj into Nj whenever i < j . Furthermore, 7 acts trivially 
on M[ n A/". As i E J varies to i, the corresponding endomorphisms 7 and 7 are inner 
equivalent by a unitary in Nk provided i,i < k. 

Proof: According to Thm. 3.2., any canonical endomorphism 7 of Mi into Ni extends to 
Mj and to M^ {i < j, k) . The extensions coincide on the intersection Mj fl M^ since their 
extension to Mm (j, /c < to) is uniquely determined (given vi). By continuity 7 extends to 
Ai with values in A/" and is trivial on M/ fl A/". The last statement of Cor. 3.3. is due to the 
fact, that both 7 and 7 are canonical endomorphisms of M^ into A^^. n 

We denote by 

g := 7|^ G End{Af) (3.4) 

the restriction of 7 G End{M.) constructed in Cor. 3.3. 

3.4. Proposition: Let M d M. be a directed standard net of subfactors with a standard 
conditional expectation. Let 7 G End{M.) be associated with i E J as in Cor. 3.3., and 
g G End{J\f) its restriction. One has the unitary equivalences 

7r° ~ 7roo7 and tc^Ijv — tcooq (3-5) 

where tt^ is the defining representation of Ai onTi and ttq the ensuing representation of M 

on Ho = ATO. 

Proof: The equivalence is established by the isometry vi in Thm. 3.2. whose range projection 
is the Jones projection cn = [A/'O]. Namely, vi is a unitary map between H and Hq and 
satisfies 

7(TO)eAr = vimvl (to G At). u 
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Thus, if a is any endomorphism of A^, then 'K^oa\j^ ~ T^Q°l<y\M yields the restriction of the 
corresponding representation oi M.. We denote by 

c^rest := 1o(y\M (3.6) 

the mapping End{Ai) -^ End{N') corresponding to the restriction. 

3.5. Proposition: Let M d M. be a directed standard net of subfactors with a standard 
conditional expectation e. Let (p be a faithful locaUy normal state on M (i.e., normal on 
Ni) and (foe the induced state on M. which is invariant under e. The corresponding GNS 
representations are related by 

{n^r'^ := TT^oe ^ 7r^o7. (3.7) 

Before we prove the proposition, we provide a lemma about the two-element net as in Thm. 
3.2., and an immediate corollary. 

3.6. Lemma. (Notations as in Thm. 3.2.) Let ^ = 7|Ar and ^ = 7|^ be the restrictions of 
the canonical endomorphisms; clearly g = qIn. The isometric intertwiner w.id —^ q in N 
which induces 6 = 6^ (cf (2.13)) is also an isometric intertwiner w.id^ g and induces e. 

Proof: Since vi is an intertwiner vi:id ^> 71 and w = 71 (t)!), we have the identities w*vi ~ 
vivl = cn and wvi = t'lt'i. The desired relations in A^ 

^{h)w = wh and e{m) = w*^{'m)w 

can be tested by multiplication with cn & N' . Indeed, we get from (3.3) 

eN^in)w = vinvlw = vihcN = viCNfi = vivlwh = cnwu (n G A^), 

eNs{m) = CNrheN = CNrnvlw = eNvl^{rh)w = eNW*^{'m)w (m G M), 
which prove the lemma. D 

3.7. Corollary. Let N d M. be a directed standard net of subfactors, 7 and g as in Prop. 
3.4. There is an isometry w d Ni which is an intertwiner w:id^ g, and which induces the 
conditional expectation e G C{M.,N) by the formula 

e{m) = w*'-y{m)w {m G M). (3.8) 

This follows immediately from the lemma. Note that when we turn to quantum field theo- 
retical nets, then the isometry w is a local observable in A{0). 
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Proof of Prop. 3.5.: The unitary equivalence is given by the map 

(densely defined and with dense range) between the respective GNS Hilbert spaces. It 
evidently intertwines the representations (3.7), and preserves the scalar products due to 
(3.8). D 

In particular, li tp — ujocr is given by an endomorphism a G End{N') relative to the cyclic 
state u) = (O, -O), i.e., tt,^ = TTooa, we obtain the induced representation (yrooa)™'^ ~ 7100(77. 
We denote by 

a''"^ := (707 (3.9) 

the mapping End{Af) -^ End{M.) corresponding to the induction. 

Let us now turn to quantum field theoretical nets of subfactors A d B indexed by the 
set of double-cones (or intervals), and in particular to aspects of localization. We assume 
the fields to be relatively local w.r.t. the observables, i.e., B{Oi) commute with A{02) when 
Oi and O2 are at space-like distance. Then A{0'), the algebra of observables in the causal 
complement of O, is contained in B{0)' fl A. The trivialization property of 7 in Cor. 3.3. 
implies that q G End{A) acts trivially on A{0'). We write q G Endo{A) and call g localized 
in O. Moreover, g is transportable since the endomorphism g = 7!^ (cf. Cor. 3.3.) associated 
with any other double cone O is inner equivalent to ^ by a unitary in A. (Note that O need 
not be a Lorentz transform of O.) Thus ^ is a DHR (= localized and transportable [3]) 
endomorphism of ^ describing a superselection sector of the observables. By Prop. 3.4., this 
reducible sector is the restriction of the vacuum representation of B to the observables. We 
have immediately: 

3.8. Corollary: Let A C B be a directed quantum Geld theoretical net of subfactors, 
such that B is relatively local w.r.t. A. Let 7 G End{B) be the extension of the canonical 
endomorphism of B{0) into A{0) as in Cor. 3.3., and g G End{A) its restriction to the 
observables. Then g is localized in O and transportable. The restriction mapping takes 
DHR endomorphisms into DHR endomorphisms, i.e., (Ti-est £ Endo{A) if a G Endo{B), 
and (Ti-est is transportable if a is transportable. 

The situation is less simple with induction. Note that a'"'^ is not an extension of a. There- 
fore, in order to formulate a statement parallel to Cor. 3.8. for induction, we look for an 
endomorphism a^^^ of Ai which extends a given localized endomorphism a oi M such that 
TTooO"'"'^ ~ TT^oa*^^*, and check whether a*^^* can also be chosen localized. This will not be 
possible in general, even when the full power of locality is available, due to the possibility of 
braid statistics. The condition of Haag duality in the following implies locality and ensures 
the existence and uniqueness of statistics operators [3]. The extension (3.10) was previously 
proposed by J. Roberts. 
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3.9. Proposition: Let A G B be a directed quantum Geld theoretical net of subfactors, 
both A and B satisfying Haag duality, 7 G End{B) and g G Endo{A) as in Cor. 3.8. With 
every transportable localized endomorphisni a of A associate 

^ext ._ ^-i„Ad,oa-f G End{B) (3.10) 

where e = e{a, g):ag^' ga is a unitary statistics operator in A. Then a'^^^ extends a and 

(TTooa)'"'^ ~ TTooa^"'^ = 7roo(T7 ~ TT^oa'"'''. (3.11) 

0"^^* is a wedge-localized endomorphisni of B. It is localized in a double cone if and only if 
e{a,g)e{g,a) = 1. 

Proof: We have to check that a^^^ is weU-defined on 6 G B{0). Increasing O, we may 
assume that g and a are also locahzed in O. We choose O space-hke from O and a unitary 
intertwiner u E A transporting a to 6" locahzed in O such that £((t, g) = g{u*)u. Then on 
B{0) 

Adsoa'j = Adg(^u*)°^l = Adgi^u*)°l = l°Adu* on B{0), (3.12) 

and a'^^^ is well-defined. It extends by continuity to B. Restricted to A, we have a^^* = 
■-y~^oAdgoag = '-y~^oga = a, hence it extends a. Now let g and a be localized in Oi and 
b G B{02) at space-like distance from Oi. Choosing O to contain both Oi and O2, the same 
formula (3.12) applies, hence a'^^*(6) = u*bu. It depends now on the relative localization 
of Oi, O2, and O whether b and u commute. When the monodromy is trivial, then O 
can be chosen in an arbitrary space-like direction without changing the statistics operator 
e [3], and hence without changing a^^^. Thus O can be chosen such that u commutes with 
B{02), and a'^^^{b) = b. When the monodromy is not a scalar (a situation which arises 
only in d < 2 space-time dimensions [7a], then O has to be chosen in a fixed space-like 
direction, and the charge transporter u will not commute with b if O2 lies in the same 
space-like direction from O. The equivalence (3.11) is immediate by Prop. 3.4., namely 
^o^^ext ^ ^^^^^ext ^ A(i^,|(g)o7rooa7. n 

Note that if the monodromy e{a, g)e{g,a) is a scalar, then it is trivial, since the isometry 
w G A{0) intertwines w.id^g (cf. Cor. 3.7.), thus g contains the trivial (vacuum) endo- 
morphisni id as a subsector, and the monodromy must have the eigenvalue 1 corresponding 
to the vacuum. Note also that in the case of non-trivial monodromy one has two choices to 
define the extension a'^^^, one localized in a right wedge and the other one localized in a left 
wedge, corresponding to the choice of the statistics operator. 

We have established in this section the distinguished isometries w and vi associated with 
a net of subfactors. They are related hj w = 7i(t'i). We have seen their respective roles 
for the description of induction and restriction in terms of the canonical endomorphisni (cf. 
the proofs of Props. 3.4. and 3.5.). The former, as an intertwiner w.id -^ g, selects the 
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vacuum subsector contained in q. The latter, as an operator Ti -^ Tio, carries the vacuum 
representation of ^ contained in 7r°|_4 onto the corresponding subrepresentation of ttoo^. In 
the next section, we shaU introduce the 'dual' isometry v G B{0) which exists only in the 
case of finite index. This operator plays the role of a 'master' charged field carrying the 
superselection charge ^, i.e., all the charges of ^ contained in the vacuum representation of 
B. 



4. The case of finite index 

We study standard nets of subfactors equipped with a standard conditional expectation. If 
the index set is directed, then we can show that the index is constant over the net. 

We turn then to quantum field theoretical nets of subfactors of finite index. The finiteness 
of the index in particular implies a finite branching of the vacuum representation of the field 
algebra in restriction to the observables. The converse implication is also true provided all 
superselection sectors of the observables have finite statistics. 

An interesting class of models is provided by current algebras over the circle (compactified 
light-cone). These are generated by local quantum fields in two-dimensional Minkowski 
conformal quantum field theories with a chiral symmetry, which due to the equations of 
motion depend on one chiral (light-cone) coordinate only. The nets of local von Neumann 
algebras are obtained as projective representations of the loop group over a given (compact, 
semi-simple) Lie group [6] . Then a Lie subgroup gives rise to a subtheory, and to a quantum 
field theoretical net of subfactors as described in the previous section. After removal of the 
compactification point 'at infinity', this net is even directed. The Kac characters for the 
positive energy representations of loop groups allow to control the branching of represen- 
tations upon passage to subgroups, and it is well known that the branching is finite if and 
only if the pair of theories is a conformal embedding, i.e., possess the same stress-energy 
tensor. 

Thus, the condition of finite index selects precisely the conformal embeddings within the 
class of chiral current algebra models. It goes, however, beyond the scope of this paper to 
treat specific models in detail. For rigorous model analysis, we refer to [6], and for some 
instructive examples to [26]. 

Let us now return to the two-element net of Thm. 3.2. We assume A/" C A^ to be a net of 
subfactors. By the Pimsner-Popa bound, the index can only decrease when the conditional 
expectation is restricted to a subalgebra, i.e., Ind{e) < Ind{e). The following Lemma 'dual' 
to Lemma 3.6. implies the equality of indices. 

4.1. Lemma. (Notations as in Thm. 3.2. and Lemma 3.6.) Assume in addition that 
Ind(e) — A is finite. Then the isometric intertwiner v.id ^ 'y which induces the conditional 
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expectation dual to e (cf. 2.7. A) is also an intertwiner v.id ^ "^ and induces the conditional 
expectation dual to e. In particular, Ind{e) = Ind{e) . 

Proof: Since v^v = 7j~ {w*'y{v)) is a scalar due to (2.14), we get from (3.3) 

e]\['y{rh)v = Virhvlv = Vivlvrh = eNvm (m G M), 

and applying the dual conditional expectation £i, we conclude that v is an intertwiner 
v.id -^ 7. By 2. 7. A, v induces £1. By Lemma 3.6., w.id^ g induces e. Then, since the 
index is algebraically characterized by (2.14), the statements follow. n 

4.2. Corollary. The index is constant in a directed standard net of subfactors with a 
standard conditional expectation. 

4.3. Corollary. Let Ad B he a directed quantum Geld theoretical net oi suh factors, 7 and 
Q as before. If the index A = Ind{e) is finite, then there is an isometric intertwiner v.id ^ "^ 
in B{0) which satisfies the identities (2.14) with the isometric intertwiner w.id ^ g in A{0) 
(cf. Cor. 3.7.). Consequently, 

e{vv*) = X-H (4.1) 

and 7 is given on B by the formula 

-f{b) = Xe{vbv*) {b e B). (4.2) 

Furthermore, every element in B is of the form av with a ^ A, namely 

b = Xe{bv*)v = Xv*e{vb) {b e B). (4.3) 

Proof: The first statement is immediate from the Lemma. The formulae follow from (2.14) 
by direct computation. D 

From these formulae, the trivialization of 7 on B{0)' fl A stated in Cor. 3.3. becomes very 
explicit. Varying the double-cone O to O, the unitary intertwiner w:7 ^ 7 is given by 
u = Xe{vv*) G A and relates the isometries v and v G B{0) by = uv. The unitary u is 
a localized charge transporter for g. Since by (4.3) one has B{0) = A{0)v with v G B{0), 
the following equality holds for arbitrary O: 

13(d) = A{d)v = A{d)uv where u = Xe{vv*). (4.4) 

For a a localized endomorphism of the observables, we call t(j & B a, charged intertwiner if 
it satisfies the commutation relation 

•^a = a{a)'i(j. (4-5) 

21 



Such operators interpolate the representation ttooct with the vacuum representation ttq of 
A within the vacuum representation tt*^ of B. Charged intertwiners do not exist for every 
locahzed endomorphism of ^ (see below). For irreducible subfactors, charged intertwiners 
are multiples of isometries since i/j^i/js commute with A and hence are scalars. 

4.4. Corollary. The isonietry v is a charged intertwiner for the locahzed endomorphism 
g. The isometry wi = '-y{v) is an intertwiner wi: g —^ g^ in A{0). Let Eg = e{g, g) be the 
statistics operator for the locahzed endomorphism g. Then the following identities hold. 

£gVV = vv and £gWi = wi. (4-6) 

Proof: The stated intertwining properties of v and wi are obvious. The statistics operator is 
of the form g{u*)u where u: g ^ g is a unitary charge transporter as in (4.4) with O space- 
like separated from O. Then v = uv and v commute, uvv = vuv = g{u)vv, implying the 
first identity. Furthermore, since vv = 'j{v)v = wiv, we have EgWiv = wiv which implies the 
second identity by right multiplication with v* and application of the conditional expectation 
e. D 

Since the index is finite, the dimension of g is finite, and g G End{A) can be only finitely 
reducible. Let 

Q-^Nsgs 

s 

be the sector decomposition of g with gs irreducible and inequivalent, and Ng finite multiplic- 
ities. We shall assume from now on that the local subfactors A{0) C B{0) are irreducible, 
thus the conditional expectation e is unique and minimizes the index (cf. Sect. 2.5.). Then 
the multiplicity of id ^ g is 1, and the index is given (cf. Sect. 2.8.B) by: 

X^[B:A]=J2Nsd{gs). 

s 

4.5. Lemma: There is an anti-isomorphism between the linear space of isometries Ws' gs -^ 
g and the linear space of charged intertwiners t/js for g^ , given by 

•0s = wlv ^ Ws = Xe{vij*). (4.7) 

Proof: By direct computation. D 

Except for a common scale, the map (4.7) takes isometries into isometries. In fact, we may 
compute i^si^s = 7('*/'sV's) = '^{v*WsW*v) = d{ps) = ds/X, since Ps = WsW* is a minimal 
projection in the relative commutant g{Ay fl A, and we can apply formulae from Sects. 
2. 4. A, 2. 7. A, and 2.8.B. The following conclusion is immediate. 
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4.6. Corollary: The multiplicity Ng of a subsector Qs G End{N) in the dual canonical 
endomorphism g of an irreducible subfactor N d M with finite index equals the linear 
dimension of the space of charged intertwiners for Qs in M. It is bounded by the dimension 
d{gs), i.e., Ng < d{gs)- (Analogous statements hold for the canonical endomorphism 7. J 

Proof: The first part is due to the Lemma 4.5. The canonical endomorphism 7 maps the 
space of charged intertwiners ifjs for Qs into the space of intertwiners ■^{i^s)'- Q —^ QQs in -A.- 
Thus QQs contains A^^ orthogonal copies of p, and d{QQs) > Nsd{Q). This proves the claim. 
n 

If f G B{0) and Ws G B{0), i.e., q and Qs are localized in O, then the charged intertwiners 
are elements of B{0). If Us is a unitary charge transporter to Qs localized in A{0) then 
t/js = Ugi/^ are charged intertwiners for Qs in B{0). From (4.6) one concludes the commutation 
relation 

which holds in spite of the fact that the monodromy operator e{Qt, Qs)£{Qsj Qt) needs not 
be trivial. In fact, the range projections of charged intertwiners do not exhaust the Hilbert 
space in general. It was proven that the joint range projections e^ = 'Y^^ V'lV'l* (i^i ^in 
orthonormal basis) are all unity if and only if A^^ = d{Qs) for all subsectors Qs of q [26], 
and in turn if and only if the local subfactors are fixpoint subfactors under the action of 
a Hopf C* algebra [18]. In this special case, the charged intertwiners transform linearly 
as irreducible tensor multiplets under the action of the Hopf algebra and implement the 
endomorphism [2]: 

Qs{a) = Y,rsars*- (4.8) 

i 

In the general case, however, and in particular when the dimensions d{Qs) assume non-integer 
values, there is neither a transformation law nor do the charged intertwiners implement the 
sectors (cf. Sect. 5). 

By construction of the charged intertwiners, eq. (4.7), we have the expansion 



E<^- (4.9) 



8,1 



where w\ are an orthonormal basis of intertwiners Wg'- Qs -^ Q, i = 1, . . . A^s- Inserting this 
into (4.3), one obtains the expansion of arbitrary elements of B 

h = \Y,e{h^7Ws iheB). (4.10) 

s,i 

One may consider this expansion as a generalized 'harmonic analysis' which decomposes an 
arbitrary operator into 'irreducible tensor multiplets' with invariant (observable) coefficients. 
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Note that no transformation law has to be specified to make sense of this interpretation, nor 
will it in general exist. 

Let us apply the expansion (4.10) to products of charged intertwiners. One obtains 
coefficients in A of the form T = e{'i(jsil^til^u) which are intertwiners Qu -^ QsQt and can, in 
turn, be expanded into an orthonormal basis of such intertwiners with complex 'Clebsch- 
Gordan' coefficients. We summarize: 

4.7. Proposition. The charged intertwiners satisfy operator product expansions 

^s^i = A E ^(t)e Tei^u (CC^), G C) (4.11) 

u,e,k 

where Tg are a basis of observable intertwiners T^. Qu -^ QsQt, d-nd only charges Qu contribute 
which are contained in q. The complex 'Clebsch-Gordan' coefficients are given by 

These operator product expansions were used in [27] to compute correlation functions of 
charged fields as expansions into 'partial waves' which are determined by the subtheory A, 
while only the numerical Clebsch-Gordan expansion coefficients refer to the theory B and 
are in fact completely determined by the structure of a single local sub factor A{0) C B{0). 

Let us next compute the isometry t^i = 7(1;), Cor. 4.4. We have 7(f) = \e{vvv*), and 
with the previous expansion (4.9) of v, we obtain 

4.8. Corollary. w^ = ^{v) = X Yl ^^'De Q«WtT,^t* (4-12) 

stu,e,ijk 

where each term is an intertwiner T: q ^> q^ . In particular, knowledge ofwi determines the 
Clebsch-Gordan coefficients in Prop. 4.7. 

The significance of the isometry wi is the following. As in 2.7.C, the triple (^, w, wi) uniquely 
characterizes the subfactor Ni G N, and therefore by the canonical extension also N G M, 
provided w.id^ q and wi: q -^ q^ are isometries satisfying the dual analogue of (2.14), 
(2.20), i.e., 

wlw = \-^/'^t = wlQ{w) (4.13a) 

wiw'[ = q{wI)wi and wiWi = q{wi)wi. (4.136). 

In our present setting, the system (4.13) refers to the net of observables only, so the field nets 
which extend a given observable net can be characterized, and possibly classified, as solutions 
to (4.13) where for every candidate endomorphism q of finite dimension, the isometries w 
and wi are elements of finite-dimensional spaces of intertwiners. Therefore, the system 
(4.13) involves only finitely many complex coefficients as unknowns. 
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Actually, one has to reconstruct the entire net B rather than only A{0) C B{0). The 
requirement that i3 is a local net imposes an additional condition. We have 

4.9. Theorem. Let A be a local net of observables, g a localized and transportable endo- 
morphism of A with finite statistics, which contains id ~< g with multiplicity one, i.e., there is 
a unique (up to a phase) isometry w: id -^ g. Then g is the (dual) canonical endoniorphism 
associated with a standard net Ad B of irreducible subfactors A{0) C B{0) equipped with 
a standard conditional expectation e, if and only if there is an isometry wi: g ^ g^ which 
solves the system (4.13). The index of this net of subfactors equals A = d{g). The net B is 
relatively local w.r.t. A, and it is itself local if and only if, in addition, EgWi = Wi holds. 

Proof: The proof is constructive, reversing the previous discussions which established the 
triple {g,w, wi) from the net of subfactors. Let g be localized in O. Put A^ := A{0). One 
first constructs the dual subfactor Ni G N and recovers M =: B{0) as described after 
(4.13). Then B{0) = A{0)v with an isometry v G B{0) which is a charged intertwiner 
v.id ^> '-y for 7(0^) := g{a)wi on B. For generic double cones O one chooses a unitary 
charge transporter u: g ^> g where g is localized in O, and defines B{0) := A{0)uv. It is 
easy to verify that B is an isotonous net which extends A, and that 7 defined on B{0) by 
^{auv) := g{a)ug{u)wiu* is a canonical endomorphism of B{0) into A{0) which extends 
g. Defining £ by e = w*'^{-)w on B, and extending the vacuum state a; on ^ to ujoe on B, 
one obtains a standard net with a standard conditional expectation. Since uva = g{a)uv 
and g is localized in O, fields uv G B{0) commute with observables a which are localized 
at space-like distance from O. Finally, the locality of the net B requires that uiv and U2V 
commute if Oi and O2 are at space-like distance. An argument similar to the one leading 
to (4.6) shows that this is equivalent to SgWi = wi. O 

Example: Consider a model with an irreducible superselection sector a such that a^ ^ id®cr- 
(There are known models where a is the only nontrivial sector.) Then g = a'^ satisfies all 
the requirements of Thm. 4.9., since a is its own conjugate, and w = r and wi = (7(r) where 
r is the isometric intertwiner r:id -^ a"^. Thus the theorem provides a field algebra which 
accounts for the charged sector a of the observables. The index of the extension is d"^ = d+1 
where d = d{a) = 2 cos t is the statistical dimension of the sector a. To be more specific: 
On the Hilbert space H = Hq © Ha carrying the representation ttq © ttooo", the observables 

a G A are embedded into the field algebra i3 by a "-^ I . ^ j . In particular, we have 

w G B{0) and t^i G B{0) if a is localized in O. The field algebra is then generated by the 
observables and one further element v G B{0), the charged intertwiner for g, cf. Cor. 4.4. 

It is explicitly given by 

^.1/2 fd-^/\ d-^'H' 
- = d''\ tr it 

where t is an isometric intertwiner t:a ^* a"^ , and the endomorphism a acts by 
a(r) = d" V + rf-^/^tt and a(t) = trr* + rf'^/Vt* - (/"^ttt*. 
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The canonical endomorphism is defined on the observables by 7(a) = g{a), and on v by 
'j{v) = Wi- The reader is invited to check all the stated relations in terms of these informa- 

/ Q c^l/2]l\ 

tions, and to compute the charged intertwiner for the sector a, V'cr = d~^^'^ I , J 

as well as the operator product expansions r*-!/;^ oc 1 and t*i/j'^ oc — V'cr (cf. eq. (4.11)). Note 
that the condition SgWi = wi cannot be satisfied with the superselection structure at hand, 
hence B is not a local net. 

We give now an example for the construction of a local extension of a given local net, by 
solving the system (4.13), (4.6). It is based on the following general result. 

4.10. Proposition. Let M be a type III factor, and A a Gnite set of inequivalent irreducible 

sectors of M with representatives Qs € End{M) with finite dimensions ds = d{gs), such that 
along with every sector also the conjugate sector is in A, and every product of sectors in A 
is equivalent to a direct sum of sectors in A. Let j be the natural anti-isomorphism m, 1-^ m* 
of M with the opposite algebra M°pp. Then the endomorphism of A := M ^ M'^^^ given by 

Q^^Qs® {joQsoj-^) (4.14) 



is the canonical endomorphism of A into a subfactor Ai G A with index A = ^^ d 



2 

s "'s- 



Remarks: The conclusion remains true if j is replaced by any other anti-isomorphism between 
M and M"^^ since g (as a sector) varies only by conjugation with id® a G Aut{A) where a is 
an automorphism of M°pp. The analogous statement holds for an endomorphism q oi M ® 
M', exploiting the (natural) isomorphism Jm°J~^ between M°pp and M' (replacing j by jm 
in the proposition). If M happens to be anti-isomorphic with itself (like the approximately 
finite-dimensional type IIIi factor), then the analogous statement also remains true for g as 
an endomorphism of M M, replacing j by an anti-automorphism of M. We shall consider 
this case in a quantum field theoretical application below. 

Proof of Prop. 4-10.: According to 2.7.C, we have to establish a pair of isometric inter- 
twiners w.id ^ Q and t^i: q ^ q^ in A which solve the system (2.14), (2.20) for Ai C A, 
i.e., (4.13). 

Let a ~ 0s6A ^s £ End{M) with isometric intertwiners Wg'- Qs — ^ cr, in particular 
vjQ-.id -^ a. Put ^°PP := joQsoj~^ and a^"^"^ := joaoj~^, hence j('"'s)-^s^^ ~^ a°PP, and 
put Q := a ® a'^^^ G End{A). Then we have projections ps = Wgwl and j{ps) in the 
relative commutants of a and (t°pp, and g given by (4.14) corresponds to the projection 
p = Xls^s ^ J{Ps) £ Qi^y n A in the relative commutant of g. 

It is now sufficient to prove the existence of an isometric intertwiner w:id —^ g and a 
partially isometric intertwiner wi: g ^ g^ with WiWi = p which satisfy 

(a) pw — w (ai) pwi = g{p)wi = wip = wi 
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(b) w*wi = A ^''^p = g{w*)wi 

(c) wiwl = g{wl)wi (d) wiWi = g{wi)wi 

since the desired identities (4.13) then foUow for w := u*w and wi := g{u*)u*wiu where 
u: g —^ g is an isometry in A such that uu* = p. The derivation of (4.13) from (a) — (d) is 
straightforward. 

Let us now construct w and Wi. The former, w := Wq ^j{wo) with wq: id ^' a 3,8 before, 
is uniquely determined up to a phase. Clearly, w:id^g is an isometry satisfying (a). For 
the latter, choose a system of orthonormal bases of isometric intertwiners T^: gu -^ gtgs for 
every triple s^t^u E A, which are 'lifted' to Te := a{Ws)wtTeW*: a -^ a'^. Clearly, 



Wi 



A-^/2 J2 ^/d(ejfe ® j(Te) with d{e) = dsdt/d. 



is an intertwiner wi: g ^' g^ which satisfies (ai). It does not depend on the choice of the bases 
since a unitary basis change is absorbed due to the anti-linearity of j. Since T*Te' = See'Pu, 
we have 

Xw^wx = 2_^—^Pu®3[Pu) = 2^{2_^N^t——)pu®j{Pu), 

e u st 

where Ng^ are the multiplicities of gu in gtgs- Using Frobenius reciprocity, N'^^ = A^l^, 
and the additivity of dimensions 2.8.B, the sum over t can be evaluated: J2t ^su^t = dsdu- 
Then the sum over s gives A = Xls'^s' ^^^ ^^^ ^^'^ °^^^ ^ finally gives the projection 
p = "^^Pu ® jipu)- We conclude that wlwi = p as required. 

Let us now turn to (6). Due to orthogonality of the Wg, only T^ with gt = id resp. 
gs = id will contribute to w*wi resp. g{w*)wi. Without restriction we may assume that 
these Te = 1, hence T^ = woPs resp. Tg = a{wo)pt. Since furthermore d{e) = 1 for these 
terms, one immediately obtains (6). 

Comparing the two sides of (c) when the definition of wi is inserted, one has to consider 
the change of intertwiner bases 



{d{f)d{g)Y/%f: ^ {die)d{h)Y/MT:)f, 



h 



where T^: gu -^ gtgs, Tf.gy, -> grgu, Tgi g^j -^ gvgs and Th: gv -^ grgt- Removing the 
isometries Wa and a common factor {dydg/dudrY'^ from both sides, one has to consider 
the change of bases y^d(J)TfT* ^-^ ^J d{h) gr{T*)Th which both span the spaces of inter- 
twiners T: g^gs — > grgu- In the inner product {T,T') = (l)u4>riT'T*), both sets of inter- 
twiners are orthonormal. Namely, by (2.25), d{h)(/)t4'r{Th'T^) = (/)v{T^Th') = Shh', and 
since (j)r{Th'T^) G gt{,M)' fl M is a scalar, one also has d{h)(j)riTh'T^) = ^hh'- Similarly, 
d{f)4>u4>riTfiT'f) = Sff. With these formulae, the orthonormality of the above bases is 
straightforward. Hence, for every fixed set v, s, r, u, the change of basis is a unitary one, and 
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the transition coefficients for tfie two tensor factors cancel eadi otfier due to tfie anti-linearity 
of j. 

Similarly, for (d) one has to consider the change of bases 

{d{g)d{h))'/^nTg ^ {d{e)d{f)f/^Qr{T,)Tf 

for the spaces of intertwiners T: q^ -^ QrQtQs- Observing that d{e)d{f) = d{g)d{h) ~ 
drdsdt/dyj are constant in these spaces, and both T^Tg and gr{Te)Tf are orthonormal bases 
in the inner product {T,T') = T*T' , the same argument as before applies to prove (d). U 

We observe a structural similarity of (4.14) with the canonical endomorphism of Ocneanu's 
'asymptotic inclusion' MV(M'nMoo) C Moo [28]. Indeed, we conjecture that the asymptotic 
subfactor is covered by our proposition, where A is the set of irreducible subsectors of 7"^ 
{n G IN) of a finite depth subfactor. However, it is easy to find examples for (4.14) which 
do not describe an asymptotic subfactor. 

Of physical interest is the situation when A is a set of superselection sectors of a chiral 
quantum field theory ^ch (given as a directed net over the set JT" C IR of intervals), e.g., all 
DHR sectors in a 'rational' such theory [29, 27]. One chooses an appropriate modular (CPT) 
conjugation j which maps the algebra of an interval onto the algebra of a refiected interval 
and takes DHR endomorphisms into conjugate DHR sectors [5,30]. j is an anti-automor- 
phism of M = A{J^) if the interval / is symmetric under the reflection. Thus, a variant of 
Prop. 4.10. (cf. the remarks following the proposition) applies. 

In this situation, the calculation leading to Prop. 4.10. literally applies to the DHR endo- 
morphisms Qs of A localized in the interval /, and therefore provides a triple {g,w,wi) as 
in Thm. 4.9. for the tensor product of two chiral theories A = Ach ^ Ach- This theory 
is naturally given as a net over the double cones O which are Cartesian products of two 
chiral light-cone intervals. The triple therefore gives rise, by Thm. 4.9., to a quantum field 
theoretical net of subfactors Ad B where i3 is a two-dimensional Minkowski quantum field 
theory. Note that in the construction (4.14), joQsoj~^ = q^ yields the conjugate sectors. 

A similar argument as in the proof of Prop. 4.10. involving unitary basis changes Tg 1— > 
e{Qt,Qs)Te shows that wi is invariant under the statistics operator Sg = e^ ®j{£a)- The 
CPT symmetry shows that j(£cr) = ^5^5 and therefore Eg involves charge transporters in 
opposite light-like directions on the two chiral light-cones, i.e., in space-like directions in two 
dimensions. We conclude that Eg := q{u*)u* e gUQ{u) (with u-.g^-gasin the proof of Prop. 
4.10.) is the two-dimensional statistics operator, and satisfies SgWi = wi. Therefore the net 
i3 is a local extension of A. 



5. Comments on 'compact' subfactors 

In the case of infinite index, much less can be done beyond the general analysis in Sect. 3 
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without further assumptions. In this article, we want to restrict ourselves to some comments 
only, and hope to return to the issue on another occasion. Let us concentrate on quantum 
field theoretical nets of subfactors. 

It is well known that in four-dimensional theories [2b] the algebra of observables can be 
embedded as a net of subfactors into a local or graded local (fermionic) field algebra with a 
compact gauge group such that the observables are the fixpoints under the gauge symmetry. 
The (dual) canonical endomorphism g in this case is the direct sum over all DHR superse- 
lection sectors of the observables with multiplicities equal to the statistical dimension, and 
in turn equal to the associated representation of the gauge group. The gauge group may 
well be an infinite compact group in which case g is clearly an infinite direct sum and has 
infinite dimension although each of its irreducible subsectors has finite dimension. 

Furthermore, the irreducible superselection sectors are implemented by charged inter- 
twiners V's as in Sect. 4, although eq. (4.7) is meaningless since A is infinite and the 'dual' 
isometry v does not exist. 

It is therefore desirable to have a general theory for quantum field theoretical nets of 
subfactors of infinite index which establishes the existence of charged intertwiners as well 
as statements like Cor. 4.6., which do not refer to the index. On the other hand, it is 
known that in the abstract theory of subfactors there are counter examples [31] to these 
expectations, even when there is a conditional expectation. One needs therefore a criterium 
which 'stabilizes' the structure of the local subfactors (like compactness of the gauge group) 
and which can be physically motivated. 

Let us describe the expected structure which is known to hold with compact gauge groups 
notwithstanding the index being infinite, along with some problems to be overcome in the 
general infinite index case. First, the commutant g{N)' fl A^ of the dual canonical endomor- 
phism g should have the structure of an infinite direct sum of finite matrix rings (correspond- 
ing to irreducible subsectors gg with finite multiplicities) , and the minimal central projections 
should lie in the domain of the operator valued weight t] = Jn°^~^°Jn G P{N,Ni) (corre- 
sponding to finite dimension of gs). Furthermore, rj should be invariant under jat^ which 
takes the projection corresponding to a subsector into the projection corresponding to the 
conjugate subsector, in order to derive the expected values r]{ps) = d{gs) = d{gs) on the 
projections onto irreducible subsectors. Apparently, the conjugation invariance of rj does 
not hold a priori [31]. Second, when the isometry v as in Sect. 4 does not exist, a natural 
formula to associate charged intertwiners t/jg with observable intertwiners Wg'- gs -^ Q would 
be 

If the index is finite, then these are equivalent to the anti-isomorphism (4.7) (except for a 
normalization). For infinite index, however, ww* might not be in the domain of ry even if 
r]{ww*) = 1 by definition, cf. eq. (2.4), and rj^WgW*) = r]{ps) < oo by assumption. 
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Note that if the existence of a charged intertwiner can be estabhshed then it 'implements' 
the endomorphism Qg 'in the average', i.e., 

where the scalar e{'(ps'^t) G Qs{-A)' fl ^ = (D has been normalized to unity. This formula 
generalizes (4.8). 

Let us tentatively call a subfactor which fulfils all the stated expectations, a subfactor 'of 
compact type'. The desired physical criterium which compels a quantum field theoretical 
net of subfactors to be 'of compact type' is expected to come from the split property [8] for 
the net E which is related to a 'tame' field content and a decent thermodynamical behaviour 
of the theory [32] . It is well known that the stability of the associated canonical intermediate 
type / factor under gauge automorphisms implies that the gauge group must be compact 
[8], and therefore the net of subfactors associated with the gauge invariants is 'of compact 
type'. We may expect that a similar stability property holds for conditional expectations, 
and that therefore a quantum field theoretical net of subfactors with the split property is 
automatically 'of compact type' even in the absence of a gauge group. 

The structure of subfactors with infinite index seems to be more stable when the depth 
of the inclusion is 2. For a general study of this situation (going along with a Kac-Hopf 
symmetry), see, e.g., [18, 33] and references therein. In [33], an approximative substitute for 
the dual isometry v is constructed. 



6. Conclusions 

We have initiated a general theory of restriction and induction of superselection sectors 
between pairs of local quantum field theories Ad B. Here, the local von Neumann algebras 
A{0) of 'observables' in the space-time region O are specified as subalgebras of the local von 
Neumann algebras B{0) by a conditional expectation which is consistent with restriction to 
subregions, and which preserves the vacuum state. The latter conditions are considered as 
an abstraction from the notion of an unbroken inner symmetry with respect to which the 
observables A are the invariants. 

Our theory generalizes models with a compact gauge group [2] and confirms the results 
of previous specific model analysis (in the absence of a gauge group) [6, 26], which in fact 
anticipated the general structures elaborated here. Our basic technical tool is the canonical 
endomorphism associated with a subfactor, which provides an alternative approach to the 
Jones extension more appropriate in the type /// case. 

Actually, the mathematical results are not restricted to the context of quantum field 
theories. We have formulated them without reference to locality properties, whenever the 
latter are irrelevant. In fact, our theory hinges on Thm. 3.2. concerning a net with only two 
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elements, which plays a role as a 'germ' for the really interesting nets. Yet, due to the trivial 
representation theory of the individual factors, the results of Sect. 3 about representation 
theory are relevant only if the nets of von Neumann algebras do not possess a maximal 
element, but have a nontrivial inductive limit (as in quantum field theory). 

Among our results for the quantum field theoretical application is a characterization 
of field algebras which extend (with finite index) a given local theory of observables, in 
terms of observable quantities only (Thm. 4.9.). We give examples for this characterization. 
Furthermore, we relate the charged intertwiners in the field algebra to basic quantities in 
the theory of subfactors, and derive operator product expansions for the former (Prop. 4.7.). 
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